
203

Martinez, M. & Castro Superfine, A (Eds.). (2013). Proceedings of the 35th annual meeting of the North American Chapter of the
International Group for the Psychology of Mathematics Education. Chicago, IL: University of Illinois at Chicago.

	  

MATHEMATICAL PROOF TOOLS: 
SUPPORTING THE INTRODUCTION TO FORMAL PROOF 

 
Michelle Cirillo 

University of Delaware 
mcirillo@udel.edu 

 
In this study, conceptual tools that worked to support teachers and their students in the 
introduction to formal proof in geometry are introduced. The tools provided teachers with a 
means for scaffolding proof. Study teachers reported positive outcomes from using these tools 
with their secondary students. Additional studies that explore the use of the tools with instructors 
in varying contexts are warranted to determine how they can be used to improve the teaching 
and learning of proof in other classrooms, even potentially in content areas other than geometry. 
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Considering the teachers’ role in navigating the proof terrain, Herbst (2002) conducted an 

analysis of what is involved when geometry teachers attempt to engage students in the 
production of a proof. He argued that alternative ways of engaging students in proving must be 
found if proving is to play, in the classroom, the same instrumental role for knowing 
mathematics that it plays in the discipline. Thinking about possible instructional alternatives for 
the reform-oriented classroom as an opportunity, Herbst (2002) stated: “The mandate to involve 
students in proving is likely to be met with the development of tools and norms that teachers can 
use to enable students to prove and to demonstrate that they are indeed proving” (p. 200). Calls 
for the development of teaching tools are important because symbolic tools can enable, mediate, 
and shape mathematical thinking (Sfard & McClain, 2002). Mathematical tools, which can be 
viewed as supports for learning, include physical materials, oral language, written notation, and 
any tools with which students can think about mathematics (Hiebert et al., 1997).    

A primary goal of this paper is to introduce a set of conceptual tools that were developed and 
piloted in a research project whose aim was to explore alternative strategies for navigating the 
introduction to formal proof in high school geometry. The research question addressed in this 
paper is: What tools can be used to support teachers’ work of introducing proof? 

 
Theoretical Perspective 

Despite recent efforts to increase the role of reasoning and proving in school mathematics, 
geometry remains a central content area for teaching this important mathematical process 
(Newton, 2010). However, the paucity of more formal reasoning and proof experiences 
throughout the school mathematics curriculum contributes to the difficulty of teaching and 
learning proof even in geometry (Clements, 2003). To add to this challenge, some secondary 
teachers claim that they do not have strategies for teaching proof and even expressed the belief 
that you cannot teach someone how to construct a proof (Cirillo, 2011). This belief may be an 
underlying reason that geometry is commonly thought of as the most difficult portion of school 
mathematics (Knuth, 2002). The well-known challenges that students have with proof (Senk, 
1989) may also contribute to these beliefs.  

Much of the work of Herbst and colleagues has focused on classroom interactions and 
proving in geometry at the secondary level. For example, Herbst et al. (2009) described instances 
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of student engagement with proof in various geometry courses in a high school. Through this 
work they unearthed a system of norms that appear to regulate the activity of “doing proofs” in 
geometry class. The authors contended that a collection of actions related to filling in the two-
column form are regulated by norms that express how labor is divided between teacher and 
students and how time is organized as far as sequence and duration of events. As an example, the 
first 4 of 25 norms reported by Herbst et al. (2009) are listed below: 

Producing a proof, consists of (1) writing a sequence of steps (each of which consists of a 
“statement” and “reason”), where (2) the first statement is the assertion of one or more 
“given” properties of a geometric figure, (3) each other statement asserts a fact about a 
specific figure using a diagrammatic register and (4) the last step is the assertion of a 
property identified earlier as the “prove”….(pp. 254-255)      
This model of the instructional situation of doing proofs in terms of a system of norms is 

helpful to those who wish to investigate what it might mean to create a different place for proof 
in geometry classrooms (Herbst et al., 2009). The documentation of classroom norms is relevant 
here because it provides a frame for examining the alternative practices supported by the tools 
used by the teachers in this study. This study builds on the work of Herbst and colleagues by 
examining possibilities outside of these normative practices.  

 
Methods 

To learn more about the challenges that teachers face when cultivating formal proof in their 
classrooms, a three-year study that made use of qualitative methods of inquiry, was designed. 
Baseline data, collected in Fall, 2010, included two non-consecutive weeks of classroom 
observations in one target classroom of six teachers. Beginning Spring, 2011, 20 professional 
development sessions were designed and implemented to assist the project teachers in: attending 
to the ways in which they introduced proof; reading the literature and considering alternative 
practices; and re-considering the discourse in their classrooms when they were teaching proof. In 
Fall, 2011 and 2012, additional data were collected to observe and understand changes made to 
the introduction and teaching of proof in geometry. Interviews designed to help the researcher 
better understand the teachers’ evolving beliefs about teaching proof were also conducted.  

 
Findings: The Development and Use of Mathematical Proof Tools 

After analyzing the baseline data from Year 1 of the study, it was determined that several 
skills were implicitly and simultaneously being taught when teachers first introduced proof. 
Students needed to learn: (a) postulates, definitions, and theorems; (b) how to use definitions and 
theorems to draw conclusions (c) how to work with diagrams (e.g., what can and cannot be 
assumed);  (d) a variety of sub-arguments and negotiated classroom norms for writing them up; 
and (e) how sub-arguments come together to construct the larger argument. It was through these 
observations in conjunction with the consideration of a claim that one of the teachers (Mike; all 
names are pseudonyms) made during his introduction to proof (i.e., that there is no shallow end, 
but only a deep end of proof) that the Mathematical Proof Tools (MPTs) were developed. Based 
on the shallow end proof pool metaphor suggested by Mike, I hypothesized that perhaps there 
was a set of skills and practices that students need in order to develop proofs that could be 
ramped up over time. The professional development sessions and subsequent observations gave 
me a way to test that hypothesis. In Spring, 2011, the group of teachers and the research team 
began meeting for professional development where the developing ideas for the MPTs became a 
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major focus of alternative teaching approaches. The tools began as sample alternative tasks 
inspired by Cirillo & Herbst (2011) and evolved into the conceptual tools presented in Table 1.  

 
Table 1: Mathematical Proof Tools (MPTs)  

 Conceptual 
Tool Description Practices That Scaffold Proving 

Understanding 
Mathematical 

Objects 
 

This tool connects a 
mathematical object to a  
definition, notation, or a 

diagram.  
 

1) Communicating a mathematical object by making use of spoken  
or written text 

2) Communicating or reading a mathematical object by making use of 
marked diagrams 

3) Communicating or reading a mathematical object by making use of 
symbolic notation 

4) Determining examples and non-examples of mathematical objects 

 
Drawing 

Conclusions 
 

This tool presents the idea  
of an open-ended task  

that leads to conclusions  
that can be drawn  

from given statements  
and/or a diagram. 

1) Understanding what can and cannot be assumed from a diagram 
and recognizing that sometimes diagrams can be misleading 

2) Knowing when and how definitions can be used to draw a  
conclusion from a statement about a mathematical object  

3) Using combinations of postulates, definitions, and theorems  
to draw valid conclusions from some given information 

Sub-arguments 
 

This tool presents the idea 
that there are common short 
sequences of statements and 

reasons that are used 
frequently in proofs and 

that these pieces may 
appear relatively unchanged 
from one proof to the next. 

1) Understanding what valid conclusions can be drawn from a given 
statement and how those make a sub-argument (i.e., recognizing 
and utilizing repeated reasoning) 

2) Recognizing a sub-argument as a branch of a larger proof and how 
it fits into the proof 

3) Understanding how to write particular sub-arguments using 
acceptable notation and language (often negotiated with the teacher) 

Understanding 
Theorems 

 

This tool highlights  
the nature of theorems,  
their structure, and how  

they are used. 

1) Interpreting a theorem statement to determine the hypotheses  
and conclusion  

2) Marking a diagram that satisfies a hypothesis 
3) Rewriting a theorem written in words into symbols and vice versa 
4) Understanding that a theorem is not a theorem until it has  

been proved (using definitions, postulates, or previously  
proved theorems, lemmas, and propositions) and that one  
cannot use the conclusions of the theorem itself to prove the 
conclusions of that theorem (i.e., avoiding circular reasoning) 

6) Determining the theorem proved when presented with a proof 
7) Understanding the connection between logic and a theorem,  

for example, how to write the contrapositive of a conditional 
statement and the connection between laws of logic and the 
hypothesis and conclusion of a mathematical statement 

 
Teachers’ Reactions to the MPT Use 

Seth reported the following after teaching with the tools in Years 2 and 3:  
The students see the patterns and understand the relationships, which ultimately makes this a 
much better exercise in learning to reason.  Breaking it into pieces has made it easier for the 
students to digest and understand the material and see how it fits together. The evidence is in 
a greater understanding, drawing better conclusions, and getting better grades on harder 
proofs! Some students even say, “That was fun!”   
Nick reported similar results: 

Geometry and Measurement: Brief Research Report



206

Martinez, M. & Castro Superfine, A (Eds.). (2013). Proceedings of the 35th annual meeting of the North American Chapter of the
International Group for the Psychology of Mathematics Education. Chicago, IL: University of Illinois at Chicago.

	  

I’m actually excited to teach proof now, which was not the case before the professional 
development.  Proof is the centerpiece for the most interesting discussions we have in class, 
and it is no longer a stand-alone topic for me that we don’t revisit after Chapter 2.   

Nick noted that he keeps the MPTs summary (Table 1) on his desk at all times so that when he 
plans his lessons, he is always considering which tools he can address.  

 
Discussion and Summary 

The conceptual tools described in this paper were developed in response to some of the 
findings related to the challenges of teaching and learning proof in high school geometry. These 
tools were intended to scaffold the introduction to proof for the students. Although this study 
only presents findings of a small group of teachers’ results in using the MPTs, these findings are 
promising because the teachers did more than just use the tools in a casual way. Rather, they saw 
enough potential in the tool use to develop a new curriculum around them, and they reported 
strong effects from their use. Additional studies that explore the use of these tools with other 
teachers in varying contexts are warranted to determine how these tools can be used by teachers 
to improve the teaching and learning of proof, even potentially in other content areas.  
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